We derive some explicit sufficient conditions for the asymptotic stability of the zero solution in a general linear higher order difference equation, and compare our estimations with other related results in the literature. Our main result also applies to some nonlinear perturbations satisfying a kind of sublinearity condition.  2004 Elsevier Inc. All rights reserved.
Introduction
As it is well known, the asymptotic stability of the zero solution of the linear difference equation Thus, for each particular choice of the coefficients a i , i = 0, . . . , k, one can use the socalled Schur-Cohn criterion (see, e.g., [3, 8] ). However, with this method, it is very difficult to get explicit conditions for a general form of Eq. (1.1) depending on the coefficients. This kind of explicit conditions are of special importance in the applications, where the coefficients are meaningful parameters of the model. A famous example is the Clark model [1] ,
where α ∈ (0, 1) and f is a continuous real function. This equation is of special interest in population dynamics (see also [4, 7, 8] and references therein). Ifx is a positive equilibrium of (1.3) and f is differentiable atx, then the linearization aboutx is 
Actually, it can be also extended to the case of variable coefficients
Indeed, the zero solution of (1.6) is asymptotically stable if sup n 0 k i=0 |a i (n)| < 1 (see [12, p. 658] ).
While condition (1.5) is optimal when a i > 0 for all i = 0, 1, . . . , k (see, e.g., [15] ), it is far from being sharp when not all the coefficients are positive. For Eq. (1.4), the necessary and sufficient condition for the asymptotic stability of the zero solution was found in [10] (see also [11] for α = 1). However, this task for the general case of Eq. (1.1) seems to be extremely complicated.
In this paper, we derive some explicit sufficient conditions for the asymptotic stability of the zero solution in (1.1) when some coefficients are negative. Moreover, our main theorem also applies to some nonlinear perturbations of (1.1), complementing the results in [14] . We discuss the relation of our results with other papers in the literature, and establish some comparisons for concrete examples.
Main results
First, we assume that a 0 = 1, that is, (1.1) has the form
Clearly, (1.5) does not work here. In the literature, we can find some results for (2.1) when it has only two terms of different sign in the right-hand side, that is, for equation
where p, q are positive real constants, and m, k 1 are integers. In [6] (see also [5] ), Győri et al. proved that under condition
the zero solution of (2.2) is asymptotically stable if and only if q − p < 0. As noticed in [14] , condition (2.3) is required to guarantee that the fundamental solution of (2.2) is positive for all n 0. (We recall that the fundamental solution {v n } is defined as the solution of (2.2) with initial
The result in [6] was generalized in [14] to the general case of Eq. (2.1). In concrete, the following result is a direct consequence of Corollary 2 and Remark 2 in [14, p. 1198] (see also [9] ).
Proposition 2.1. Assume that
where a We are now in a position to state the main result of this section, which is valid for the following perturbation of (2.1): 
for some constant b 0 and all n ∈ N, (x 0 , . . . , x r ) ∈ R r+1 .
Remark 2.2.
Notice that (2.1) is a particular case of (2.6), taking −a k 1 , . . . , −a k m the negative coefficients in the right-hand side of (2.1) and f (n, x n , . . . , x n−r ) the part corresponding to the positive coefficients. In this case,
For the sake of completeness, we enunciate here a result from [12] . 
for every solution {x n } of
Theorem 2.4. Assume that (2.7) holds for some b 0, and Proof. Notice that (2.6) can be rewritten in the form
. . , x n−r ).
Using again (2.6) for each j in the last expression, we have
where l = max{2k m , k m + r}, and g satisfies
The result follows from Theorem 2.3, by observing that 
Clearly, condition (2.11) becomes (2.5) for the particular case of Eq. (2.2). Moreover, a direct application of Theorem 2.4 shows that the zero solution of equation
with f a continuous real function, is globally exponentially stable if |f (x)| qx for all x ∈ R, and (2.5) holds. This gives a partial answer to Open problem 6.9.1 in [8, p. 171] .
On the other hand, if all coefficients a i in (2.1) are negative, Corollary 2.5 gives the asymptotic stability of the zero solution if 12) which is the result obtained in [2, Remark 1, p. 83]. As noticed there, for the particular case of equation
condition (2.12) is sharp, since the zero solution of (2.13) is asymptotically stable if and only if p < 1. Notice that the application of Proposition 2.1 gives the asymptotic stability in (2.13) only for p 1/4. Next we briefly discuss the case when a 0 = 1 in (1.1). In this case, the result of Proposition 2.1 remains valid if condition (2.4) is replaced by the existence of a constant µ ∈ (0, 1) such that
(see, for example, [9, 14] ). When (2.14) does not hold, we can apply Theorem 2.4 by observing that (1.1) can be written in the form
Hence, we have the following 
(2.15)
In the particular case when a 0 > 0 and a i < 0 for all i = 1, . . . , k, we can also apply Theorem 4 in [13] . For it, observe that (1.1) can be written as One can check that (2.18) and (2.19) are not comparable. In this case, the application of condition (C1) in Theorem 2.7 gives a better result: the zero solution of Eq. (2.17) is asymptotically stable if β α and βk < 1. As it was already noted, this result is sharp for k = 1 and α = 1.
